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Abstract: A general isometric isomorphism between the analog signal space 2L and the digital

signal space 2l which leave invariant the class of time-invariant realizable filters is presented.

The isometric character of the isomorphism is proved based on a property of the functions map-
ping the imaginary axis on the unit circle. The associated orthonormal expansion is discussed. It
is also shown how the previously known particular cases fit in the general solution.
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1. INTRODUCTION
Not all domains evolve equally. From time to time it make sense to try to find

ways to move hard problems from one domain into another one, where more progress
was made or problems have a chance to become (or look) simpler. The acceptable
moves of the design between domains require preservation of specific rules known as
invariants of the transformations. The chance that such methodology becomes more
interesting grows when the transformations can be chosen from a larger class. Different
quests for optimizations are open, and possibilities of understanding even more about
the domains increase. Those were the motivating factors that lead to the generalization
of the known [1] isometric isomorphism between the continuous and the discrete signal
spaces that preserves the filter realizability, invariant required by both signal processing
and pragmatic control.

There have been a couple extensions of the initial isomorphism (mapping) idea
first introduced by K. Steiglitz [1]. Those were presented in [2], [3], and [6]. The aim
was to develop classes of orthonormal functions for effective signal processing (trans-
forms). For example, in order to get the required frequency resolution (closer to the hu-
man logarithmic scale), a modified Fourier kernel (complex exponentials) was pro-
posed. If a uniform resolution spectrum is transformed by using this new warped basis
(obtained by a proper inner function), and re-synthesized with a uniform (non-warped)
basis, then a new spectrum of non-uniform resolution is created. The new frequency
resolution depends on the actual inner function used in the warping. The orthogonaliza-
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tion was obtained by using the derivative of the inner function as a "weight". All the
functions were normalized by the square root of this weight, in order to obtain or-
thonormalized bases. The topic of axis warping used to generate new function bases
was analyzed in detail by R. G. Baraniuk and D. L. Jones [4]. A related concept named
FAMlet was introduced in 1992 [5]. To the best of our knowledge no previous attempt
was made to find the generalizations that preserve realizability.

The proposed mapping, being general, enlarges the exploration domain. It opens
the door for optimizations, and the investigation of new methods for processing media
signals or control signals. The hope is that with the dramatic increase in computation
power, modern systems will afford more complex implementations, like those that be-
come conceptually imaginable once a more general mapping between the analog and the
discrete worlds is understood.

2. NOTATION
, ,N Z R  and C  denote respectively the natural number set, the ring of rational

integers, the real number field, and the complex number field. *, Re and Im mean com-
plex conjugate, real part, and imaginary part (functions defined on C ).

3. BASIC PROPERTY
Let ( ( , ) )U U oC  denote the unit circle conformal group of all functions that map

the disk { }| 1U z z= ∈ <  C  onto itself conformally (o  denotes function composition).

If  0h  is a function mapping the simply connected domain D ⊂ C  conformally on U ,

then the set ( , )D UC  of all functions confromally mapping D  on U , contains only the

functions 0hφ o , where ( , )U Uφ ∈C . Particularly if D  is the left-half complex plane

Re ( ) 0z <  denoted by LC , choosing 0 (1 ) /(1 )h z z= + − , and knowing that ( , )U UC  is

also the subgroup of linear-fractional functions of the form

0( ) ,( (0,1) , , , ( ))
1 *

j z a
z z e j a U b h a

zb
θφ θ

−
= = ∈ ∈ ∈ =

−
a C R

we find the most general function from ( , )L UCC

1
( )

1 *
j zb

z h z e
zb

φ +
=

−
a (3.1)

where

1

1 *
j j a

e e
a

φ θ −
=

−

The set ( , )LU CC  contains the inverse mappings 1h−

1( )
*

j

j

z e
z h z

zb e b

φ

φ
− −

=
+

a (3.2)
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   PROPOSITION 3.1. If 1 ( , )Lh U− ∈C C  and 1z =  , then 1(arg( ' ( )) arg( )) 2h z z π− + ∈ Z.

In other words, the argument of the derivative has the same magnitude, but opposite
sign, as that of the argument of z , on the unit circle, for all functions mapping confor-
mally the unit disk on the left half complex plane.

    Proof. Using the notation
2

0* ,( ( ))b b c b h a+ = = (3.3)

(c ∈ R since  Re 0( ( )) 0)h a >  the derivative of (3.2) is

1 2
2

1
( ( )) '

( * )
j

j
h z e c

zb e b
φ

φ
− =

+
(3.4)

On the unit circle jxz e= , with [ )0,2x π∈ , and

1
( arg( )) ( arg( )) 2

arg( ( )) ' arg
( )

jx

j

j x b j bz e

e
h z

e e

φ

φ
−

− +=
=

+
That gives

1 ( arg( )) ( arg( ))
arg( ( )) ' 2

2
jxz e

x b b
h z x

φ
φ−

=

− + +
= − = −

and this asserts the proposition. W
Choosing the positive constant c  that satisfies (3.3), and designating by l  the corre-
spondence

2
1

( )
*

j

j
z l z e c

zb e b

φ

φ=
+

a (3.5)

then
1 2( ( )) ' ( )h z l z− = (3.6)

and using proposition 3.1 we get
2( ) *( )
( ) if z 1

l z l z
l z

z
= =   (3.7)

Note that for every function in ( , )U UC , there is a corresponding function h  in

( , )L UC C  (given by (3.1)), with inverse function 1h−  in ( , )LUC C  (given by (3.2)) and

the function l  defined by (3.5) and satisfying (3.6) and (3.7). The interesting properties
of the '' l '' function are useful during the demonstration of the isometric character of the
new general isomorphism, further defined, between the continuous and the discrete sig-
nal spaces.

4. THE GENERAL ISOMORPHISM
The Hilbert Space (HS) 2( )L R  of complex valued, square integrable, Lebesgue

measurable functions with the natural inner product

2
, ( ) *( )Lf g f t g t dt

+∞

−∞
< > = ∫
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and the HS 2l  of double-ended, square summable, complex sequences with inner prod-

uct

{ } { }
2 2

, ,n n n nn n
n

x y x y x y
∈ ∈

∈

∗< > = < > = ∑l l Z Z Z
are the spaces of continuous and discrete time signals respectively.
The space of Fourier transforms of functions in 2( )L R  designated by Φ  is isomorphic

as HS (i.e. isomorphic and isometric) with 2( )L R  since the Fourier transform F  is an

isomorphism and by Parseval's theorem, if ( ) ff F=F  and ( ) gg F=F , then

2

1
, , ( ) ( )

2

j

L f g f gj
f g F F F s F s ds

jπ

∞ ∗
Φ − ∞

< > = < > = ∫ (4.1)

Also known is the HS isomorphism ζ  (zeta) between the Z  space of z-transforms of

sequences in 2l  and 2l .

If the z-transform of 2x ∈l  is ( ) xx Fζ =  and ( ) yy Fζ = , then by Parseval's relation

2

1 1
. , ( ) ( )

2x y x yU
x y F F F z F z dz

j zπ
∗

∂
< > = < > = ∫l Ñ Z (4.2)

where U∂  is the unit circle in the complex plane.
We define a general one to one correspondence

:θ Φ → Z (4.3)
as follows

1( ) ( )l hθφ θ φ φ −Φ ∋ → = ∈o Z (4.4)
and

1 1 1
( ) ( )h

l h
θψ θ ψ ψ

− −∋ → = ∈ ΦooZ (4.5)

2( )L R 2l

ZΦ
F ζ

θ

u DISCRETE SIGNAL SPACEANALOG SIGNAL SPACE

FOURIER SPECTRUM SPACE Z-TRANSFORMS SPACE

Figure 1 – Commutative function diagram of the four Hilbert space isometries.
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It is now possible to construct an HS isomorphism between 2 ( )L ¡  and 2l which gener-

alizes the one introduced by Steiglitz in [1]. We do that by defining u  as 1ζ θ− o o F
(see figure 1). The isomorphic character of u  is based on the fact that all transforma-
tions ( F , θ  and ζ ) are one to one and linear. The proof of the isometric character of
u  is sketched below, using  a series of equalities. Noted on top of each equal sign are
the relevant implicants of respective equality.

2

(4.2) (4.4)1 1
( ), ( ) ( )( ( )) *

2 f gU
u f u g F F dz

j z
θ θ

π ∂
< > = =∫l Ñ (4.6)

(3.6),(3.7)
1 11 ( ) * ( )

(( )( )*)
2 f g zU

l z l z
F h F h dz

j zπ
− −

∂
=∫ o oÑ (4.7)

1( )
1 1 11

( ( )) ' ( ( )) ( ( ))
2

h z w

f gU
h z F h z F h z dz

jπ

− =
− − ∗ −

∂
=∫Ñ (4.8)

2

1
( ) ( ) ,

2

j

f g Lj
F w F w dw f g

jπ

∞ ∗

− ∞
= < >∫  (4.9)

5. ORTHONORMAL FUNCTIONS ATTACHED
For every isomorphism u , we can find a set of orthonormal functions { }( )n n

tλ
∈¢

so that, if 2 ( )f L∈ ¡  is mapped to { } 2n n
f

∈
∈¢ l , then the equality 

2
,n n Lf f λ= < > holds

for every n ∈¢ . We will prove this by substituting ( )h ω  for z  in

1
( )

1
( ( ))

2
n

n f zU

dz
f l F h z

j zπ
−

∂
= ∫ oÑ

getting
1

( )

1
( ) ( ) '

2

j
n

n fj
f F l h h h d

j ω
ω ω

π

∞ −

− ∞
 =  ∫ o

2
( ) ( ) ,n n n Lf f t t dt fλ λ

∞ ∗

−∞
= = < >∫  

The functions nλ  are given by the following two-sided Laplace transforms:
1

1

1
*

( )
1

n

n B n n

b
t c

b

ω
λ

ω

−

−

  −  
  =

  −    

 L

where

( ) 1
(1 2 )

2
*

n
j n

n n

b
c e c

b

θ −
−

=

After calculations, we find
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nλ ={
{ }

1
1

1

1

*

1 1
( 1) ( ) for 0

*

1 1
( 1) ( ) for

*

n b
n n

n b
n n

c e L t t n
b b

c e L t t n
b b

σ

σ

−
−

−

  − + ∈ −    
  − − + − ∈ −    

¥

¥

  

   

Where ( )( )
!

t n
n t

n n

e d
L t t e

n dt
−=  is the Laguerre polynomial of degree n, and ( )tσ  is the

Heaviside unit step function. A time invariant analog filter has an image in Φ , Z  and

2l  for every isomorphism u . The images A  in Φ  and A  in Z  are related by

A h= oA and 1A h−= oA
and if A is realizable, A  is also realizable and vice versa.

6. CONCLUSIONS
We can now use in applications not only the isomorphism introduced in [1]

(which is a particular case for 0a =  and 0θ = ), but a family of isomorphisms indexed

on 
2

U
π

×
¡

 and every member of that family preserves the realizability of time invariant

filters and the norm. Future investigations could answer whether any isometric isomor-
phism between the analog and the discrete signal spaces is of the form described in this
paper. The wider space of optimizations opened by the generalization could be lever-
aged in DSP and control applications.
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